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We develop a method for obtaining the approximate solution for the evolution of sin-
gle-step transformations under nonisothermal conditions. We have applied it to many
reaction models and obtained very simple analytical expressions for the shape of the
corresponding transformation rate peaks. These analytical solutions represent a signifi-
cant simplification of the system’s description allowing easy curve fitting to experiment.
A remarkable property is that the evolutions of the transformed fraction obtained at
different heating rates are identical when time is scaled by a time constant. The accu-
racy achieved with our method is checked against several reaction models and differ-
ent temperature dependencies of the transformation rate constant. It is shown that its
accuracy is closely related with that of the Kissinger method. © 2008 American Institute
of Chemical Engineers AIChE J, 54: 2145-2154, 2008
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Introduction

Solid state transformations are usually described by a sin-
gle-step kinetic equation':

= k(T) £ (%) M
where o is the degree of transformation (0 < o < 1), ¢ is
time, T is the temperature, k(7) is the rate constant, and f(o)
is the conversion function of a particular reaction model. In
Table 1, we summarize several published reaction models.
Most of them are based on a particular microscopic mecha-
nism” (phase boundary reactions, nucleation and growth, dif-
fusion. ..) except for the nth-order reaction and the Sestak-
Berggren equation, which are empirical models.

Solid state transformations are usually thermally activated
processes, i.e. the system must overcome an energy barrier.
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Under this condition, the rate constant can generally be
described by

K(T) = Aexp[—x(T)] @

where A is the pre-exponential factor and x(7) is a function
of temperature. In most cases, A is considered to be tempera-
ture-independent. This will also be true in the present article.

The solution of the single-step kinetic equation under iso-
thermal conditions can be obtained by direct integration of
Eq. 1:

mwzoﬁ%—unu—m, 3)
when
(1) = G(T)(t — 1)), @

where G is a function that is inverse to g(a). From Table 1
it can be observed that both ¢ and G have an analytical
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Table 1. Set of Kinetic Models, f(«), Integral Form of Kinetic Models, g(«), Function Inverse to g(x), G(z), Approximate Value

of a at the Peak Temperature, a,, and g(x,): o, Has Been Obtained From Eq. 16

Model

flw)

g(or)

G(2)

%p

8(op)
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(phase boundary
reactions'?), R(n)

Power law,® P(n)

Kolmogorov-Johnson-
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2nd order, F2
nth-order rate eq., F(n)
Prout-Tompkins,"* B1
1D diffusion,"* D1
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SB(n,m,p)

solution for a good number of reaction models, i.e. in most
cases one can easily derive an analytical solution for the
phase transformation evolution under isothermal conditions.

Equation 1 is also valid for constant heating conditions.'®
The explicit dependence on time of Eq. 1 can be easily elim-
inated:

doo 1
ﬁzﬁk(T) fla) ®

where = dT/dt is the constant heating rate. Integration of
Eq. 5 gives the solution of the single-step kinetic equation
under continuous heating conditions:

T
1
s2) = [ Knyar ©
Ty
The right hand term in Eq. 6 is the temperature integral'®
and, unlike the isothermal solution, it does not have a simple
analytical solution.

Most solid state transformations are properly described by
an Arrhenius dependence of the rate constant™>*;

K(T) = Aexp (f ]%) ™

where E, is the activation energy and R is the universal
gas constant (E, is temperature-independent). With this
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particular temperature dependence and supposing that
the transformation rate at T, is negligible, Eq. 6 can be
rewritten as

E A [Ey4
8(a) = bR (R_T> ®)
where p(x) = [ EXPIE{ “ du.'*% Although this is an exact an-

alytical solution of the temperature integral, it requires nu-
merical integration. Consequently, the properties of o(7) for
particular models can only be deduced with great effort. To
obtain simpler analytical solutions, several authors have
developed approximate solutions of the previous temperature
integral.'-24!

In this article, we develop an approximate analytical so-
lution of the transformed fraction evolution by assuming
that the transformation takes place in a narrow temperature
range (next section). This approach has already been suc-
cessfully applied in the case of solid phase transformations
ruled by the Kolmogorov-Johnson-Mehl-Avrami (KJIMA)
model.>* Afterwards, we verify the validity of our
approach for two different reaction models when the rate
constant follows an Arrhenius dependence. Then, we test
the validity of our approach for different temperature
dependences of the rate constant and, finally, we apply our
approach to the experimental crystallization curves of
amorphous silicon.
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Approximate Solution Under Continuous
Heating Conditions

If the transformation takes place in a narrow temperature
range, the function In[g(x)] can be substituted by its first
order series expansion in temperature:

k(Ts)
Bg ()
where og is a reference that can be chosen at will between

0 and 1. In addition, if we choose the time origin such that
o(t = 0) = ag, then T = Tg + fit. Thus, Eq. 9 becomes

In[g(a(T))] = In[g(o)] + (T = Ty), ©

t
2o (10)

In[g(«(7))] ~ In[g ()] +

where 1, = 1/k(Ts). Equation 10 can be transformed to

g(2) = g(a,) - exp (ﬁﬁ) (11)

Now, the analytical solution for a particular kinetic model
is obtained by inverting the g(o) function:

1 ¢
— (12)
g(a) T‘\'>
The inverse G functions for a number of models are
detailed in Table 1. Finally, the transformation rate can be
obtained from the time derivative of Eq. 11:

o(t) = G(z),with z = g(ocx)exp(

do 1 1t 1
Tt e (Lo t) =) o) A

It is worth noting that this solution is scalable with time
by a scaling factor g and that the scaled solution does not
depend on f or the rate constant.

From an experimental point of view, it is particularly
interesting to choose og as the value at which the maximum
transformation rate is achieved. Henceforth we will note this
particular value as op. The corresponding temperature is the
so-called peak temperature, Tp. The value of op can be
deduced from the first derivative of Eq. 13,

d’oa . . dol 1t 1 1t
=05 () 0o ()
(14)
and imposing that % - 0:
P
£ )exp( tﬁ) - (15)
v g(as) Ts g(as)
Since og can be chosen at will, for ag = ap, tp = 0,
Eq. 15 becomes
—f'(op)g(op) = 1. (16)

Actually, the previous relation is a well-known result®>3*

that has been deduced for an Arrhenius temperature depend-
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ence of the rate constant. In fact, if we assume an Arrhenius
dependence, the first derivative of Eq. 1 becomes,

d*a PE4 , cda
= = K)o f (o) + K(D)f () == = K(T)f ()
PEa
K@)+t )
then imposing the condition of the peak temperature,
.. \ART} —Es\
1'(ow) g rexp( g ) =1 (18)

and inserting the approximation of Murray and White?*
(p(x) =~ exp(—x)/x?) in Eq. 8,

EsA [ Ea ART} Es
8(a) iR p(RTP) 3, P\ kT, (19)

Finally, if we substitute Eq. 19 into Eq. 18 one obtains
Eq. 16.

From Eq. 16 it can be concluded that within our approxi-
mation, op does not depend on f§ or the rate constant. There-
fore, the peak temperature is related to a fixed transformed
fraction. This conclusion is as expected since the solution
(Eq. 12) is scalable with time. For several kinetic models
Gao et al.>* showed that when E A/RTp > 20 the values of ap
indeed fall into a very narrow range. Experience shows that
this condition is fulfilled for most solid phase transforma-
tions. Note that the value of op given by Eq. 16 corresponds
to the value of op in the limit of EA/RTp — o0.*>* In Table
1 we have included this value of op as well as that of g(op)
for several kinetic models. Observe that for most kinetic
models g(ap) = 1. Thus, selecting op as a reference generally
makes Eq. 12 simpler.

Validity Check for the Approximate Solution:
Arrhenius Dependence

In this section, we will assume that the rate constant fol-
lows an Arrhenius dependence (Eq. 7), which is, by far, the
most commonly used equation to describe solid phase trans-
formations. Two different particular cases, which are
described by different kinetic models, will be analyzed. In
addition to these two models, the validity of our approxima-
tion has already been verified for a particular case of the
KJMA (n) model.*

Decomposition of calcium carbonate

First, we will focus our attention on the decomposition of
calcium carbonate under nitrogen. We have chosen this reac-
tion because it has been studied in depth and it follows a sin-
gle-step kinetics fairly well.>>* The decomposition of cal-
cium carbonate can be described by two different models:
Rn with n = 1.215 and Fn with n = 0.177. From Table 1,
one can easily verify that both models are mathematically
equivalent. The kinetic parameters obtained under continuous
heating are In(A) = 15.86 (A in sfl) and Ep, = 194.26 kJ
mol ™ '.*® In Figure 1 we show the exact transformation and
transformation rate curves («(7) and do/dt, respectively)
obtained from the numerical integration of Eq. 1 for this

DOI 10.1002/aic 2147
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Figure 1. Transformed fraction and transformation rate
calculated numerically from the exact solu-
tion (Eq. 1) for different heating rates (f) for
the Fn reaction model, n = 0.177, In(A) =
15.86 (A in s~ "), and E5 = 194.26 kJ mol™".

particular case at different heating rates. The approximate so-
lution is obtained after substituting the corresponding G func-
tion (Table 1) into Eq. 12. With the specific choice of a5 =
op, we get (as =1 — nl/"*l, glas) = 1):

ou(t) =1 [1+ (n— D)tfzp] . (20)

First of all, we will check the validity of the scaling law.
Since the transformed fraction obtained at different heating
rates are identical when time is scaled by tg, the width of
the peak must be proportional to ts. To quantify the peak
width we have calculated the full width at half maximum
(FWHM), Atpwuwms;

Atrwam = TSA/FWHMa 21)

where AI;WHM is the FWHM of the scaled system, i.e. a con-
stant that only depends on the particular kinetic model and
that is independent of the rate constant. Afpyyy can be
obtained from Eqs. 20 and 13 by substituting ¢ with the
scaled time ¢/ = t/tg; the resulting value is 1.17865 for n =
0.177.
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Taking into account the definition of 7p one obtains

E At
In(Atpwin) = R—Y/fP +1In <y) . (22)

Thus the plot of In(Afpwim) vs. 1/Tp must be a straight
line with a slope equal to Es/R. In Figure 2 we have plotted
In(Atpwin) for the exact transformation rate peak vs. 1000/
Tp (symbols). One can observe that the exact values of
Atgwpw are perfectly aligned. The slope of the fitting line is
23,340 K and the y-intercept value is —15.65. These results
are in very good agreement with the values predicted by our
approximate solution, which are 23,360 K and —15.69 (Ta-
ble 2). In Figure 2 we have also included the Kissinger plot
of the exact peak temperature (Eq. A7) which fits a straight
line with a slope of —23,310 K and y-intercept 5.68. These
values also agree with the theoretical prediction (Table 3).

Finally, in Figure 3 we compare the transformation curves o
and do/dt given by our approximate solution, Eq. 20, to those
obtained by exact integration of Eq. 1 for two extreme heating
rates of 5 = 0.005 and 100 K/min, which can be considered to
be the lower and upper limits for most experiments. The
curves are plotted vs. the scaled time, #/tp. The coincidence
between the two heating rates and the approximate solution is
excellent. The discrepancies in the transformed fraction
between the analytical solution and the exact result for the two
heating rates are lower than 2 X 102 despite the large shift in
peak temperatures from 545.4 to 932.2°C and the very differ-
ent time-scaling factors of 3.22 X 10° and 34.0 s for f§ =
0.005 and 100 K/min, respectively. It is worth noting that,
although the two time scales differ by four orders of magni-
tude, the scaling law is valid. In fact, the usefulness of our
approximation is based on the Arrhenius dependence of
the rate constant. This strong dependence on temperature
limits the transformation to a narrow temperature range even
when the heating rate is as low as 0.005 K/min.

Reduction of nickel oxide

As a second test we have selected a transformation
which fits Sestak-Berggren kinetics. To work with realistic

T, (K)
&0O 400 1000 MO0 1200
T T T
121 CaCO, 414
— 104 - -16
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£
@
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= B+ < 18 o
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= =
Log - 20
=
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1000/T,, (K™}

Figure 2. FWHM and Kissinger plot corresponding to the
transformation peaks plotted in Figure 1b.
The symbols are fitted by the straight lines.
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Table 2. Fitted and Theoretical Values of the Slope and y-Intercept for the Plot of the Full Width at Half Maximum (FWHM),
Atpwam(in s), of the Transformation Rate Peak vs. 1000/7p

Fitted Theoretical
Model Slope y-Intercept Slope y-Intercept
F(n), n = 0.177 23,340 K —15.65 23,360 K —15.69
SB(n,m,p), m = 0.63, n = 1.39,p =0 11,593 K —14.55 11,595 K —14.86
KIMAM), n = 3 5,000 K —15.81 5,000 K —15.81
SB(nm,p), n = 049, m = 14,p =0 20,537 K? 2.50 20,256 K* 2.04

parameters we have taken the parameters obtained from the
kinetic analysis of nickel oxide reduction in a hydrogen
atmosphere”: m = 0.63,n =139, p =0, In(A) = 154 (A
ins " and E, = 96.4 kJ mol . Although not shown, the
plot of Atgwum vs. 1000/Tp and the Kissinger plot for f
ranging from 0.005 to 100 K/min exhibit a very linear trend
and the calculated slope and y-intercept agree with the theo-
retical values (see Tables 2 and 3).

In this case, no side of Eq. 6 has an analytical solution.
However, our solution still represents a significant simplifica-
tion since, according to Eq. 11, calculating the evolution of
the transformed fraction can be reduced to calculating g(o)
from its definition, Eq. 3, and then evaluating the related
time:

= w5 @y

Note also that, thanks to the time scaling property, the cal-
culation has to be done only once. The particular evolution
for a given heating rate is obtained by multiplying the scaled
time by the corresponding ts. In this case, we do not have
any analytical expression for op. Therefore, we have selected
a different reference, ag = m/(m + n), which corresponds to
the maximum of f(x).>* In Figure 4 we have plotted the exact
values of o(f) and do/dt (symbols) for two extreme heating
rates of f = 0.005 and 100 K/min. Here, again, the coinci-
dence between the two heating rates and the approximate so-
lution (solid lines) is excellent despite the large shift in peak
temperatures from 436 to 662 K and the very different time-
scaling factors of 9.76 X 10* and 10.8 s for f = 0.005 and
100 K/min, respectively.

Check of the Validity of the Approximate
Solution: Non-Arrhenius Behavior

In this section we will apply our approximation to solid-
state reactions in which the temperature dependence of the
rate constant is not an Arrhenius one.

Crystallization of Pdg,Si;g

The rate constant for the crystallization of glasses gener-
ally exhibits an Arrhenius or Vogel-Fulcher temperature de-
pendence.*’ The Vogel-Fulcher expression of the rate con-

stant is:
1
) @

k(T) = A exp (—
where b and T, are empirical parameters. As a reference, we
have taken the kinetic parameters obtained from the crystalli-
zation of the metallic glass PdgoSiz()‘”: A =6 x10% s
b =2 x 107" K™, and T, = 428 K. The kinetic model is
the KIMA(n) with n = 3.

According to Table 1 and Eq. 12 the approximate solution
is

(1) = 1 — exp[—(explt/z7])’] 25)

Bearing in mind the definition of tg and substituting Eq.
24 into Eq. 21 one obtains for a Vogel-Fulcher temperature
dependence:

ln(ATFWHM) =

1 AIJFWHM
PR AR (—A (26)

where Aty = 2.44639/n for the KIMA(n) model.*? In
addition, an equivalent Kissinger plot can be obtained after
combining Egs. 24, 16, and A3 (see Appendix):

; (ﬁ) = =5ty A o) @)

Similarly to the previous cases, for  ranging from 0.005
to 100 K/min, we have plotted In(Atpwum) vs. 1/(Tp — To)
and a plot equivalent to the Kissinger plot. As expected, both
representations give a straight line. The results of the linear
fitting are summarized in Tables 2 and 3. One can verify that

Table 3. Fitted and Theoretical Values of the Slope and y-Intercept for the Kissinger Plot (Appendix): f in K/s

Fitted Theoretical
Model Slope y-Intercept Slope y-Intercept
F(n), n = 0.177 —23310 K 5.68 —23,360 K 5.80
SB(n,m,p), m = 0.63,n = 1.39,p =0 —11,556 K 4.98 —11,595 K 5.43
KIMA(), n = 3 —4,984 K 6.94 —5,000 K 7.09
SB(n,m,p), n = 049, m = 1.4,p = 0 19,431 K* —12.7 20,256 K* -11.7
AIChE Journal August 2008 Vol. 54, No. 8 Published on behalf of the AIChE DOI 10.1002/aic 2149
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Figure 3. Transformed fraction and transformation rate
calculated numerically from the exact solu-
tion, Eq. 1, for two different heating rates
(symbols) and from the approximate solution,
Eq. 17 (solid lines).

F(n) reaction model, n = 0.177, In(A) = 15.86 s ', and
Ea = 194.26 kJ mol .

the fitted parameters agree with the predicted values, Eqs. 26
and 27. The agreement is especially remarkable for Atgwim.

In Figure 5 the approximate solution is compared to the
exact solution, Eq. 1, calculated numerically at the two
extreme heating rates. In this case, the agreement between
the approximate solution and the exact one is the best
reported in this article (the discrepancies in o are smaller
than 1073). This result agrees with Table 2, in which the
best fitting for Argwpm is also obtained for this case. Note
that again there is a large difference in the time scale: 8.59 s
at 100 K/min and 77,544 s at 0.005 K/min.

1 1 [l 1 1 [l 1 1 N ——

08 Reduction of Ni()
- 0LE
0.4 o )
5 {Kdmin):
o 0.005
0.3 100 0.6
5
=4 g
=
T 024
e 0.4
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Figure 4. Transformed fraction and transformation rate
calculated numerically from the exact solu-
tion, Eq. 1, for two different heating rates
(symbols) and from the approximate solution,
Eqgs. 3 and 20 (solid lines).

SB(n,m,p) reaction model, m = 0.63, n = 1.39, p = 0,
In(A) = 19.5 (A in min_ }), and E5 = 96.4 kJ mol ™ '.
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Figure 5. Transformed fraction and transformation rate
calculated numerically from the exact solu-
tion, Eq. 1, for two different heating rates
(symbols) and from the approximate solution,
Eq. 22 (solid lines).

KJMA&n) reaction model, n = 3, A = 6 X 10° sfl, b =2
X 107* K ™!, and T, = 428 K.

Crystallization of polyethylene glycol

We will end this section with an analysis of crystallization
from the melt during cooling. For low undercooling the rate
constant can be described approximately by**:

k(T) = Aexp ( T(Z)z> . AT=T,-T (28

where B is constant, A can be considered constant in a rela-
tively narrow temperature interval and T, is the melting tem-
perature. We have selected the kinetic parameters obtained
experimentally from the crystallization of polyethylene glycol

0.7

Crystallization of

069 polyethylene glycol
o= J08

859 p{Kimin):

044
06

s
= 0.3
3 -
= =1
[
" gal 04

014

02
(]
-0.1 T T T m
2 1 o 1 2
iz,

Figure 6. Transformed fraction and transformation rate
calculated numerically from the exact solu-
tion, Eq. 1, for two different heating rates
(symbols) and from the approximate solution,
Egs. 3 and 20 (solid line).

SB(n,m,p) reaction model, n = 0.49, m = 1.4, p = 0, In(A)
=23 (Ainmin '), and B = 20,256 K°.
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Table 4. Parameters Related to the Accuracy of the Approximate Solution, Eqs. A2 and A3 in Appendix, for the Two Extreme
Values of the Heating Rate (0.005 and 100 K/min)

—k(T)/(fx) Aty
Model £ = 0.005 B =100 o) 8(os)
F(n), n = 0.177 1.05 1.08 1 1.18
SB(n,m,p), m = 0.63, n = 1.39,p =0 1.97 2.03 1.8387 0.94
KIMA(n), n = 3 1.07 1.10 1 0.81
SB(n,m,p),n =049, m=14,p=0 1.25 4.00 1.03 1.24

(PEG)*: B = 20256 K>, T, = 45.4°C, and In(4) = —1.79
(A in s~ ). The experimental data approximates a §esték-Bergg-
ren model with exponents n = 1.4, m = 0.49, and p = 0.

In Figure 6 we have plotted o(#) and do/dt calculated from
the exact solution, Eq. 1, and from the approximate solution,
Eq. 23, at the two extreme heating rates. For the approximate
solution, we have selected as a reference ag = m/(m + n). In
contrast with the previous cases, there is no agreement
between the exact solution and the approximate one, the dis-
crepancies are especially large at —100 K/min. Thus, in this
case our approximate solution is quite inaccurate.

From the analysis of the limits of the approximate solution
developed in Appendix, it is clear that the accuracy of our
approximation is directly related to the validity of the Kis-
singer method (Eq. A3). In Table 4, it is shown that the con-
dition deduced in Appendix g(as) ~ — k(Ts)/(fixg) is fulfilled
by the first three cases analyzed previously but does not
work for the present case. The discrepancy is especially large
when the heating rate is —100 K/min. Finally, in Figure 7
we have plotted In(Atgwwm) vs. 1000/Tp and the equivalent
Kissinger plot for f ranging from —0.005 to —100 K/min.
The equivalent Kissinger plot can be obtained by combining
Egs. 28, 16, and A3:

B(Tm—3Tp) o B <_Af/(OCp)>
" (T%(Tln_TP)3> - T(Tm_TP)2+ln B @

T T T T T

Crystallization of polyethvlene glycol

14

In{FWHM) (time in s}
In{p(T_-3T_¥T AT _-T.)")

000 005 010 D.I15 0.‘20 025 0.30
2 3
1000/T(T_-T.)* (K*)

Figure 7. FWHM and Kissinger-like plot corresponding
to the kinetic parameters indicated in Figure
6 for the heating rate ranging from 0.005 to
100 K/min.
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The Kissinger plot shows a clear deviation from linearity
when Ifl is high. For low Ifl, where our approximate solution
approaches the exact behavior (Figure 6), the linear depend-
ence in the Kissinger plot is recovered (Figure 7). Further-
more, this linear region has been fitted to a straight line
whose parameters deviate less than 10% from the predicted
values (Table 3). In Appendix, we show that this correspon-
dence between the accuracy of our solution at the accuracy
of the Kissinger plot to deliver the correct kinetic parameters
is not fortuitous. From a practical point of view, we can
affirm that our approximation fails whenever the Kissinger
plot shows significant deviations from linearity. In this con-
text, it is surprising to observe that the plot of In(Atgwmm)
follows a straight line even for large values of Ifl. From Fig-
ure 7 one can ascertain that despite the different shape of the
approximate and exact curves obtained at —100 K/min, their
widths are similar.

Analysis of Experimental Crystallization
Curves of Amorphous Silicon

It is widely accepted that model-free isoconversional meth-
ods are the most reliable for obtaining the activation energies
of thermally activated reactions.??%374  The Kissinger
method*® can be considered as isoconversional for single-
step transformations. Thanks to its simplicity, the Kissinger
method is probably the most widespread method used for
analyzing experimental data. Its main drawback is that, even
in the case of complex mechanisms or for transformations
involving more than one step, one can obtain a good fitting
from which an average activation energy can be deduced.
Consequently, from the Kissinger plot, one cannot conclude
whether the transformation follows a single-step or a more
complex process.*® This problem is related to the fact that
the Kissinger method is based exclusively on the peak tem-
perature, a parameter which is quite insensitive to alterations
in the peak shape. Analyzing the peak temperature and
In(Atrwrn) together, which is possible with our approxima-
tion, provides a better test of the validity of the Kissinger
method. Since Afpwpm iS very sensitive to the peak shape,
the occurrence of complex processes will result in inconsis-
tencies between the two analyses. These points will be made
clearer by analyzing experimental data of amorphous silicon
crystallization.

In Figure 8 we have represented the Kissinger plot and
In(Atrwam) vs. 1/Tp obtained from the crystallization of thick
films of amorphous silicon.*” Data have been obtained from
differential scanning calorimetric measurements performed at
different heating rates. The activation energy obtained from
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Figure 8. Peak temperature and FWHM of the crystalli-
zation rate of amorphous silicon measured
by differential scanning calorimetry at several
heating rates.

the plot of In(Atgwrm), 343 kJ/mol, agrees with that obtained
from the Kissinger plot, 346 kJ/mol. Note that the agreement
between both analyses considerably increases the confidence
in the results obtained from the Kissinger analysis; however,
it does not represent a definitive proof. Thus, correlation
between fitted and physical parameters requires ancillary
data. Electron microscopy measurements taken on partially
crystallized films***° have determined that amorphous silicon
crystallization is ruled by nucleation and growth and follows
KJMA kinetics. The activation energies for homogeneous
nucleation and growth are Ey = 511 and Eg = 299 kJ/mol,
respectively. In the case of thick silicon films, three-dimen-
sional growth is expected. It has been recently stated” that
under these circumstances the crystallization rate can be
described with Eq. 1 where Eo = (Ey + 3Eg)/4 = 352 kJ/
mol and f(«) corresponds to the KIMA model with n = 4.
Note that the agreement between calorimetry and microscopy
confirms that the observed crystallization kinetics corre-
sponds to a process ruled by homogeneous nucleation and
three-dimensional growth.

A kinetic analysis method should also provide a kinetic
model which allows the transformation to be correctly
described. Without auxiliary data, one cannot expect to be
able to determine the specific mechanism of the transforma-
tion solely from the kinetic analysis. However, one should
expect coherence between the rate constants and the kinetic
model. According to our approximation, not only Afgpwpm
but the whole shape of the transformation rate should scale
with time. Thus, once the parameters of the rate constant
have been determined (Figure 8), a plot of the transformation
rate vs. the scaled time should give a universal curve, i.e. a
curve independent of the heating rate. If fulfilled, the latter
condition, which involves all the experimental data, clearly
reinforces the fact that the measured kinetics corresponds
mainly to a single-step transformation and ensures the coher-
ence between the rate constants and the kinetic model. Fur-
thermore, from the universal curve one can obtain the kinetic
model using the standard fitting techniques.
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Alternatively, one can test a particular kinetic model by
calculating our approximate solution, Eq. 12, and comparing
it to the experimental curves obtained at different heating
rates by substituting the corresponding value of 7p obtained
from the analysis of the rate constant. We have selected this
procedure in the case of the crystallization of amorphous sili-
con. In particular, we tested the KIMA model, Eq. 25, with
n = 4. The result is plotted in Figure 9. The value of tp was
obtained directly from the plot of In(Afgpwhnm) taking into
account that Ay = 2.44639/n for the KIMA(n) model.*
Comparing experimental data and simulated values in Figure
9 clearly confirms that the approximate solution gives a good
description, and that the kinetics indeed corresponds to ho-
mogeneous nucleation and growth. Note that the thermogram
measured at 14 K/min exhibits a significant discrepancy from
the predicted shape. This deviation corresponds to a quicker
heterogeneous nucleation process that takes place on the sur-
face of the films. This secondary process is best resolved as
a small sharp peak at lower heating rates (notably below 1.0
K/min). However, we consider that the failure to correctly fit
the 0.25 K/min curve is due to the difficulty of resolving the
weak signal from an unstable baseline.

Conclusions

We have developed a simple method that allows obtaining
simple approximate analytical solutions for the kinetics of
single-step transformations under nonisothermal conditions,
Eq. 12. These solutions are scalable in time and the scaled
solutions do not depend on the heating rate or the rate con-
stant. The correctness of our method is directly related to the
applicability of the Kissinger analysis, i.e. it can be applied
to all the single-step transformations which obey the Kis-
singer relation.

The solutions detailed for a number of reactions models,
Table 1, can be directly applied to the analysis of experimental

o p=025
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Figure 9. Evolution of the heat flow with temperature
for the crystallization of amorphous silicon
measured by differential scanning calorimetry
at several heating rates (symbols).

Solid lines correspond to the predicted transformation rate
using the approximate solution (Eq. 22) with the kinetic pa-
rameters obtained from the analysis shown in Figure 8.
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curves. Their simplicity allows curve fitting without need of
solving any differential equation and, in most cases, without
numerical integration. In addition, the existence of the exis-
tence of a universal scaled solution constitutes a very re-
strictive test of the assumption of single-step transformation
that can be used to reveal complexities in the reaction
kinetics
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Notation

o = degree of transformation
os = transformed fraction that can be chosen at will between 0 and
1, Eq. 9
op = transformed fraction at the peak temperature, Eq. 16
S = constant heating rate (K/s)
Atgwim = transformation rate peak width calculated at the full width at
half maximum (FWHM)
Atpypm = transformation rate peak width calculated at the full width at
half maximum (FWHM) of the scaled system
1g = scaling factor defined as t;, = 1/k(Ts) (s)
7p = scaling factor calculated at the peak temperature 7, = 1/k(Tp)
(s)
A = pre-exponential factor of the rate constant in Eq. 2 (s~ ")
b = parameter defined in Eq. 24 (K~")
B = parameter defined in Eq. 28 (K%)
Bp = constant defined in Eq. A7, Bp = In(—28f"(ap))
Bgs = constant defined in Eq. A6, Bs = ln(#ﬁs))
E A = activation energy of Eq. 7 (kJ/mol)
f(a) = conversion function in Eq. 1
/(o) = differential of conversion function, f'(«) = df()/do
g(o) = function defined by Eq. 3
G(z) = inverse function of g(o)
k(T) = rate constant
p(x) = temperature integral, Eq. 8
R = universal gas constant (8.314472 J/K mol)
t = time (s)
T = absolute temperature (K)
To = parameter defined in Eq. 24 (K)
T, = parameter defined in Eq. 28 (K)
Tp = peak temperature (K)
Ts = temperature associated to a given transformed fraction «g (K)
x(T) = function of temperature in the exponent of Eq. 2
xg = temperature derivative of x(T) evaluated at T
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Appendix: Analysis of the Accuracy of the
Approximate Solution

Our approximate solution is accurate provided that the sec-
ond term in the Taylor development of Eq. 9 is negligible
when compared to the first term:

k(Ts)
Bg(as)

1 k(Ts)
2 Bg(os)

k(Ts)
Bg (o)

+ x| AT? (A1)

AT is the temperature range in which the transformation
takes place and x§ de/dT|T:TS. Rearranging Eq. Al and
assuming that AT =~ 2 fAtewam = 2 f Atpyum/k(Ts), one
obtains

g(as) k(Ts)

Note that the Afpy/g(2s) term only depends on the ki-
netic model, i.e. it is independent of the rate constant and the
heating rate. In all the cases analyzed, this parameter is of
the order of 1 (see Table 4). Thus, our approximate solution
is accurate if the following condition is fulfilled:

k(Ts)

——. A3
20 -

glas) =

As shown below, this condition is the basis of the
well-known Kissinger-Akahira-Sunose (KAS) or generalized
Kissinger method.”*>?

If the rate constant follows an Arrhenius behavior,

E4
A3 becomes
(os) = T—‘%EA e Es (AS)
8\&s) = B Ea Xp RT

Rearranging Eq. A5 and taking logarithms one obtains the
KAS relation:

Ea

In <T%> =———+Bg (A6)
where Bg = In (E,\:"ifas)) is constant. Thus, for a fixed value of
the transformation frdction «g the plot of ln(ﬁ/Tg) vs. 1/Tg
results in a straight line from which the activation energy
can be obtained.

Furthermore, if we substitute Eq. 16 into Eq. A6 we
obtain

B Ea
Inl—)=——+8B A7
n (T[z) RTP + Bp ( )

where —Bp = In(2%f'(ap)). Eq. A7 is the well-known linear
relation of the Kissinger method.*>> Note that the validity
of the Kissinger method relies on the fact that Bp does not
depend on f. Within our approximation f’(axp) does not
depend on f or the rate constant, and the Kissinger method
can be considered as isoconversional.*
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